Abstract-With the growing integration of renewable power generation, plug-in electric vehicles, and other sources of uncertainty, increasing stochastic continuous disturbances are brought to power systems. The impact of stochastic continuous disturbances on power system transient stability attracts significant attention. To address this problem, this paper proposes an analytical assessment method for transient stability of multimachine power systems under stochastic continuous disturbances. In the proposed method, a probability measure of transient stability is presented and analytically solved by stochastic averaging. Compared with the conventional method (Monte Carlo simulation), the proposed method is many orders of magnitude faster, which makes it very attractive in practice when many plans for transient stability must be compared or when transient stability must be analyzed quickly. Also, it is found that the evolution of system energy over time is almost a simple diffusion process by the proposed method, which explains the impact mechanism of stochastic continuous disturbances on transient stability in theory.
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I. INTRODUCTION

P
OWER systems are operated under uncertainty and randomness, so there is an increased need for probabilistic transients stability assessment tools [1] . The basic theory of probabilistic transient stability assessment was established by Billinton and Kuruganty to handle stochastic fault type, fault location, fault clearing time and system operating conditions that can affect transient stability [2] . Much research has been conducted on this topic [3] - [8] . With the growing integration of renewable power generation [9] - [11] plug-in electric vehicles [12] , [13] , uncertain dynamic loads [14] , and so on, stochastic continuous disturbances are increasing, which will bring new concerns for transient stability. It has been proven that the cumulative effects of stochastic continuous disturbances can cause system state trajectories to leave any bounded domain after a sufficiently long time, even though the same system can tolerate one severe fault at its equilibrium point [15] - [17] . Previous transient stability assessment methods have difficulties in handling stochastic continuous disturbances.
Stochastic differential equations (SDEs) are widely applied to model power systems under stochastic continuous disturbances [18] - [23] . In [24] , a systematic method was proposed to model power systems under stochastic continuous disturbances as a set of stochastic differential algebraic equations. In [25] , stochastic differential equations were adopted to describe continuous wind speed models.
Monte Carlo simulation is a powerful tool for analyzing SDEs. In [26] , a novel framework of stochastic transient stability assessment was proposed with Monte Carlo simulation. In [27] , the authors used the importance sampling method to improve the efficiency of Monte Carlo simulation. In [28] , Monte Carlo simulation and the stochastic Lyapunov stability method were combined to assess power system transient stability under stochastic continuous disturbances. The Monte Carlo simulation has advantages on adaptability, but the computational burden often makes it undesirable. Moreover, the impact mechanism is not clear with Monte Carlo simulation [29] .
To overcome the weakness of Monte Carlo simulation, analytical assessment methods based on stochastic theory have been developed. In [30] , the evolution of state's probability density was solved by the Fokker-Planck's equation to determine the impact of stochastic load perturbations on system stability. In [31] , voltage collapse of power systems under stochastic continuous disturbances was investigated. However, the above methods are applied in simple power systems and the applications in multimachine power systems were not addressed well.
Although transient stability assessment of power systems under stochastic continuous disturbances has been considered and partly solved in the last decades, there are still some deficiencies in existing methods: 1) the majority of assessment methods are based on Monte Carlo simulation, which suffers low computational efficiency and unclear impact mechanism; 2) the application of analytical assessment methods in multi-machine power systems encounters difficulties, due to their complexity; 3) probability measure of transient stability under stochastic continuous disturbances has not been proposed. To address the deficiencies listed above, this paper proposes a novel analytical assessment method for multi-machine power systems under stochastic continuous disturbances. Stability probability, which is presented as a measure of transient stability under stochastic continuous disturbances, is analytically solved by the stochastic averaging. Moreover, comparisons with Monte Carlo simulation in the Kundur's 4-machine 2-area system and a 50-machine 145-bus test power system are given to verify the accuracy and efficiency of the proposed method. The proposed method has two significant advantages: First, the proposed method is computationally efficient. Second, the impact mechanism of stochastic continuous disturbances on transient stability is clear by the proposed method.
The organization is as follows: Section II introduces models of multi-machine power systems under stochastic continuous disturbances. Section III illustrates transient stability under stochastic continuous disturbances. Section IV presents the analytical assessment method for transient stability under stochastic continuous disturbances. Section V gives simulation examples and insights. Section VI offers a conclusion. Derivations are shown in the Appendix.
II. MODELS OF MULTI-MACHINE POWER SYSTEMS UNDER STOCHASTIC CONTINUOUS DISTURBANCES
In this study, the classical model has been adopted initially. Then the stochastic model of multi-machine power systems under stochastic continuous disturbances can be expressed as a set of Itō SDEs [15] , [16] , [30] Because the network and load are merged, stochastic continuous disturbances σ i W i (t) are added on machine equations [15] , [16] , [30] . Because stochastic continuous disturbances are from the mechanical power P mi and the quadratic term of self-conductance G ii E 2 i , they denote the stochastic unbalanced active power between the generation and load.
'Stochastic continuous disturbances' are referred to as 'stochastic excitation' in stochastic theory terminology [32] . Considering that 'excitation' is easily confused with the excitation of the magnetic field in electric motors, we prefer 'stochastic continuous disturbance' as the 'stochastic excitation' for clarity in this paper. 
III. POWER SYSTEM TRANSIENT STABILITY UNDER STOCHASTIC CONTINUOUS DISTURBANCES
A. Problems Faced With Transient Stability
It is known that contingencies can greatly impact power system transient stability, but power system transient stability also faces new problems with increasing stochastic continuous disturbances. It was proved that even if a dynamic system can tolerate one severe fault at its equilibrium point, cumulative effects of stochastic continuous disturbances can cause its state trajectories to leave any bounded domain after a sufficiently long time [15] - [17] . For instance, a single-machine infinite-bus power system is subjected to a three-phase fault on the transmission line for 150 ms, and its rotor angle trajectory is stable as shown in Fig. 1 . However, when the same system is subjected to stochastic continuous disturbances, one of 10 trajectories exhibits unexpected behavior and becomes unstable as shown in Fig. 2 . Therefore, transient stability assessment methods considering only system faults are incomplete, which will have difficulties in handling stochastic continuous disturbances.
B. Transient Stability Probability
The system is either stable or unstable at a certain time. However, when the stochastic continuous disturbances are introduced to a power system, one cannot answer whether the system is deterministically stable or unstable in the following time because the transient stability becomes a random event [30] , [31] . The probability of states being within the stability region represents stability probability. From the view of operational decisionmaking, stability probability is a proper measure to evaluate the transient stability under stochastic continuous disturbances.
It is reasonable that the system with higher stability probability is more probabilistically stable. Stability probability can be expressed by the following form:
where P (t | X 0 ) is the probability of states being in stability region Ω, within the time interval [0, t), given that the initial states X(0) are within Ω.
C. Energy Function Method
Energy function methods are well-suited to evaluate transient stability, by which high-dimension states are transformed into a single index of system energy [33] . If system energy is lower than the critical energy, system states will stay in the stability region. The critical energy corresponds to stability boundary and its accurate computation is nontrivial. The theoretical foundation for critical energy can be found in [33] .
The corresponding energy function for (1) is as follows [34] :
where δ is and δ js denote the equilibrium rotor angle of the ith and jth generators, respectively. Accordingly, the stability probability can be calculated by the following form:
is the conditional probability of H(t) being lower than the critical energy H cr within the time interval [0, t), given that the initial value H 0 is lower than H cr .
In the following, an analytical method for calculating stability probability will be presented in detail.
IV. ANALYTICAL ASSESSMENT METHOD BASED ON STOCHASTIC AVERAGING FOR TRANSIENT STABILITY UNDER STOCHASTIC CONTINUOUS DISTURBANCES
The stochastic averaging method (SAM) is an effective approximation method for nonlinear stochastic system analysis. SAM was proposed to obtain the simplified model when the system is a quasi-Hamiltonian system [32] . In many nonlinear stochastic dynamical systems of engineering interest, the response quantities can often be distinguished into two classes of different time scales: Rapidly varying ones and slowly varying ones. For instance, in the power system (1), there may be an exchange between the potential energy (corresponding to the rotor angle) and kinetic energy (corresponding to the rotor speed deviation), when the total energy is almost constant. As a consequence, system states (the rotor angle and rotor speed deviation) are rapidly varying quantities while the system energy is a slowly varying quantity (corresponding to system states). Via SAM, one averages rapidly varying quantities to derive the approximate differential equations of the slowly varying quantities, which are much simpler and of fewer dimension than the original equations. In the following, the analytical assessment method based on stochastic averaging will be presented for stochastic transient stability assessment under stochastic continuous disturbances.
A. Stochastic Model in Quasi-Hamiltonian Form
To apply SAM, the stochastic model should be expressed in the quasi-Hamiltonian form [32] . Stochastic model in quasi-Hamiltonian form for (1) is as follows:
where ∂ is the partial differential operator; B i (t) are Wiener processes and dB i (t)/dt = W i (t). Based on Itō formula [35] , Itō equation of system energy H can be expressed as follows:
B. Stochastic Averaging Method
Based on a lemma of Khasminskii [32] , system energy H weakly converges to a first-order diffusion process, as follows:
The coefficients m * (H) and σ * (H) can be obtained by time-averaging, where Due to the ergodicity of Hamiltonian system, the following three hypotheses of ergodicity can be adopted to calculate the time-averaging results [32] , [36] , [37] : 1) timeaveraging results are equal to corresponding space-averaging results in the space
. . , ω n ) = H}, where Δδ i = δ i − δ n (the nth generator is regarded as a reference node); 2) system states can arrive everywhere in Ω; furthermore, 3) for any given energy level H, the conditional probabilities of different system state in Ω are equal. Let ds/S denote the probability of states being in a certain small piece, where S is the surface area of whole hypersphere Ω and ds is the surface area of a certain small piece of the hypersphere Ω. Then, space-averaging results, which are equal to time-averaging results, can be deduced as follows:
where denotes the surface integral operator; Ω denotes the integral domain. Accordingly, the first-order diffusion process of system energy becomes:
wherem(H) andσ(H) are the drift coefficient and diffusion coefficient, respectively.
C. Linear Relation in Stochastic Averaging
Based on many simulations for stochastic averaging results of (9), it is found that the relation between coefficients (i.e.,m(H) andσ(H)) and energy H is approximately linear, even though the original system is nonlinear. For instance, in the Kundur's 4-machine 2-area system, the stochastic averaging results are shown in Fig. 3 . Clearly, the linear relation exists even when the system energy is close to critical energy.
The stochastic continuous disturbances are usually smaller than system faults, which is one of the reasons that linear relation exists. It is known that a power system shows nonlinearity when a severe system fault occurs. The stability analysis under a severe system fault is a nonlinear problem because the system fault is large and instant. However, a novel instability mechanism works in the system under stochastic continuous disturbances, which describes that the random effects of small stochastic continuous disturbances "can cause the trajectories of the system to leave any bounded domain with probability one" [15] , even the stable domain; see also [16] , [17] .
The linear relation suggests that coefficientsm(H) andσ(H) can be expressed by simple equations, which are shown as follows:
In (11), a, b, and c are constant whether H is large or small. A small deviation of H means the system is subjected to small disturbances. Therefore, a linearized model based on small disturbances can be used to calculate a, b, and c, which are derived as follows (the derivation is presented in Appendix A):
By adopting the linear relation in SAM, one can obtain clearer results, but it does not mean that the linear relation is necessary for SAM. The analytical assessment method still works without using the linear relation. In this study, when the linear relation is not adopted, the dynamic function of system energy function can also be deduced by SAM, which is shown in (9).
D. Analytical Results of Stability Probability
In stochastic theory, the stability probability shown in (2) is defined as the reliability of diffusion process (10), which can be solved by Kolmogorov's backward equation as follows [38] :
Equation (13) is a parabolic partial differential equation. A solution of a partial differential equation is not unique generally, so additional conditions must be specified on the boundary of the region where the solution is defined. The initial conditions and boundary conditions for (13) are as follows:
where the initial condition denotes that stability probability P at t = 0s equals 1, when the initial energy H 0 is lower than the critical energy H cr ; boundary condition 1 denotes that stability probability P is equal to 0, if the initial energy H 0 is higher than the critical energy H cr ; boundary condition 2 denotes that the solution at H 0 = 0 should satisfy
, which is used to assure the solution with initial energy H 0 being higher than 0.
Several numerical calculation methods can be used to solve (13) , such as the finite difference method. In this study, the finite difference method based on Crank Nicholson's scheme is applied. Detailed procedures of the scheme can be found in [38] . To illustrate the solution of (13) clearly, Fig. 4 shows the discrete result mesh for Kolmogorov's backward equation. By the finite difference method, consider P (t|H 0 ) only at discrete time values t(i) = iΔt (i = 0, 1, 2, . . .) and discrete initial energy values H 0 (j) = jΔH 0 (j = 0, 1, 2, . . .). Then t(i) and H 0 (j) constitute a discrete result mesh in the plane (t, H 0 ). Also, it can be seen that the initial conditions and boundary conditions define the region for the solution of (13).
E. Application to Realistic Model
In this section, a systematic strategy of applying SAM to assess transient stability under stochastic continuous disturbances is provided. Even though the classical model is often used in transient stability assessment, more realistic models are desired in practice. Theoretically, one can utilize SAM [32] , [36] , [37] , if the power system model can be expressed in a Hamiltonian form. In recent years, much research on modeling realistic power system as the Hamiltonian model has been carried out [39] - [42] . Considering the above analysis, the application of SAM to more realistic model is feasible theoretically. For power systems which can be expressed in the quasi-Hamiltonian form, the procedure of the proposed analytical assessment method is outlined below and shown in Fig. 5 .
Step 1: Build the stochastic model.
Step 2: Express the model in quasi-Hamiltonian form.
Step 3: Deduce the diffusion equation of system energy based on SAM. Step 4: Obtain the partial differential equation of stability probability by using backward Kolmogorov's equation.
Step 5: Calculate stability probability from the partial differential equation by numerical calculation methods.
V. VALIDATIONS
All the simulations are conducted on a computer running a 64-bit Windows 10, with a 2.69 GHz Intel I7-4600U CPU and 8 GB memory.
A. Monte Carlo Simulation for Stability Probability
To verify the accuracy and efficiency of the proposed method, Monte Carlo simulation results are used as a reference. In Monte Carlo simulation, proper iteration and time step are of great concern. One can get more (less) accurate results with a larger (smaller) iteration and smaller (larger) time step, but it takes more (less) time. In most Monte Carlo simulations, it is difficult to specify a proper number of iterations and time step directly, so the additional studies to choose the number of iterations and time step need to be carried out. From the aspect of choosing the time step and number of iterations, the proposed analytical method is better, because researchers need not choose the number of iterations and time step, which means the proposed method is 'ready to use'. Fig. 6 shows three Monte Carlo simulation results (stability probability curves) with time step 0.1 s, 0.01 s, and 0.001 s in the Kundur's 4-machine 2-area system. Clearly, the stability probability curve with time step 0.1 s is much far from those with time step 0.01 s and 0.001 s, which means that time step 0.1 s is too large for Monte Carlo simulation in this study. Moreover, the stability probability curve with time step 0.01 s agrees well with that with time step 0.001 s. Hence, time step 0.01 s is chosen for Monte Carlo simulation in this study.
In Fig. 7 , three cases of Monte Carlo simulation in the Kundur's 4-machine 2-area system with 500, 5000, and 50000 iterations are shown. Clearly, most Monte Carlo simulation results with 5000 iterations are close to those with 50000 iterations, which means the Monte Carlo simulation with 5000 iterations is relatively accurate. However, the performance of Monte Carlo simulation with 500 iterations degrades. Hence, several The procedure of Monte Carlo simulation for calculating the stability probability is outlined below and shown in Fig. 8 .
Step 1: Calculate system states trajectories by a single simulation.
Step 2: Calculate system energy trajectories based on system states trajectories.
Step 3: Execute Step 1 and Step 2 repeatedly, if the number of simulation is not enough; go to Step 4, if the number of simulation is enough.
Step 4: Calculate the probability of system energy being less than critical energy H cr .
B. Accuracy Comparisons
The Kundur's 4-machine 2-area system, which is shown in Fig. 9 , is adopted as the first simulation system. The system is reduced to a 4-bus system by eliminating all the load buses. Then, the system is simulated with the integration of stochastic continuous disturbances, which are represented as Gauss white noises with intensities of σ 1 , σ 2 , σ 3 , and σ 4 , at Generator 1, Generator 2, Generator 3, and Generator 4, respectively. The network and generator's parameters are the same as in [34] .
In this case study, the transient stability under stochastic continuous disturbances is investigated by utilizing the proposed method, and results are compared with Monte Carlo simulation results. Three simulation cases with different disturbance intensity are demonstrated: Case1: σ 1 = σ 2 = σ 3 = σ 4 = 0.07; Case2: σ 1 = σ 2 = σ 3 = σ 4 = 0.075; Case3: σ 1 = σ 2 = σ 3 = σ 4 = 0.08. Fig. 10 shows the stability probability curves solved by the proposed method and Monte Carlo simulation. It can be seen that the analytical results are very close to Monte Carlo simulation results.
A 50-machine 145-bus test power system is also used to demonstrate the effectiveness of the proposed method. The system is reduced to a 50-bus system by eliminating load buses. Assume that all generators are subjected to stochastic continuous disturbances with the same intensity. Three cases with different disturbance intensity are simulated: Case1: small intensity; Case2: medium intensity; Case3: large intensity. Results from the proposed method and Monte Carlo simulation are shown in Fig. 11 . It can be seen that analytical results are still close to Monte Carlo simulation results, which demonstrates the applicability of the proposed method in bulk power systems. 
C. Computational Time Comparisons
The computational efficiency is also important in practice. When the simulation time t is set as 20 s, computational time comparisons of the Monte Carlo simulation and the proposed method are operated based on four power systems with a different number of generators, as shown in Table I .
In Table I , computational time of Monte Carlo simulation is almost a quadratic power function with the number of generators, while that of the proposed method is much smaller and nearly constant with the increasing of the number of generators. It is easy to understand that the proposed method is much faster than Monte Carlo simulation, due to no iterative computations.
The high efficiency makes the proposed method very attractive when many plans for transient stability must be compared or when transient stability must be analyzed quickly for a multi-machine power system.
D. Visualization of the Stability Probability
To give a good indication of how stochastic continuous disturbances impact transient stability, the visualization of stability probability is presented in this section. The stability probability strongly depends on disturbance intensities and damping coefficients, so the visualization is used to illustrate stability probabilities changes with varied disturbance intensities and varied damping coefficients. The proposed method is adopted for solving the stability probability of Kundur's 4-machine 2-area system under stochastic continuous disturbances again. For simplicity, let all the damping coefficients (and all disturbance intensities) in the system increase or decrease with the same degree, which is described as damping level (and disturbance intensity level). For example, a damping level of 110% means all damping coefficients increase to 110%. Fig. 12 shows stability probability curves under different damping levels and fixed other parameters at time t = 20 s. Fig. 13 shows stability probability curves under different disturbance intensity levels and fixed other parameters at time t = 20 s. Clearly, stability probability increases with the increasing of damping coefficient and the decreasing of disturbances intensity. Furthermore, a critical level shown corresponding to a stability probability of 0.99 is found, beyond which the increase of stability probability is very gradual. The systems are stable with high probability when the damping level is greater than the critical damping level (and the critical disturbance intensity level is lower than the critical disturbance intensity level). In above analysis, only damping level or disturbance intensity level is varied, but both damping level and disturbance intensity level are varied over time in actual power systems. Fig. 14 shows the stability probability under varied damping and varied disturbance intensity levels at time t = 20 s. A stable region with the stability probability is over 0.99 is found, in which the change of stability probability is very gradual. The high-probability stable region is visually illustrated as a domain of disturbance intensity level and damping level. To enhance the stability under stochastic continuous disturbances, it would be a useful technique keeping the operation level within the high-probability stable region. Based on the visualization of stability probability, it is easier to answer questions when the stochastic continuous disturbances need to be considered in transient stability study, whether the system is stable with high probability, and how to improve stability under stochastic continuous disturbances.
VI. CONCLUSION
Due to the increasing stochastic continuous disturbances, power system transient stability is of concern. This paper provides an analytical assessment method for power system transient stability under stochastic continuous disturbances, in which there are four main contributions:
1) Stability probability is presented as a measure of transient stability under stochastic continuous disturbances; 2) An analytical assessment method based on stochastic averaging is proposed for solving stability probability; 3) The evolution of system energy over time is found as a simple diffusion process; 4) The combined impacts of damping level and disturbance intensity level on transient stability are visualized. With the challenges of stochastic continuous disturbances, an accurate and efficient assessment tool for transient stability is desired. We believe that the proposed method will serve well in this regard.
APPENDIX A
A. Linearization of Stochastic Model and Energy Function
According to model (1) , the linearized stochastic model can be derived as follows [43] :
(A-1) where Δω i = ω i ; Δδ i = δ i − δ n − δ is + δ ns and Δδ n = 0; δ n is the rotor angle of nth generator, which is set as the reference node; and C ij = E i E j B ij cos(δ is − δ js ).
The linearized energy function is as follows:
(A-2)
B. Linearized Energy Function in Matrix Form
System energy (A-2) can be expressed as follows:
where
th -order positive definite matrix with the form
where Q 11 is an (n − 1)th-order nonsingular symmetric matrix; Q 22 is a nth-order diagonal matrix with the form N /2 
C. Linearized Quasi-Hamiltonian Model in Matrix Form
According to (5) , the linearized stochastic model in quasi-Hamiltonian form is as follows: 
2ω N σ i 
F. Symmetry of First Type Surface Integral
Using the symmetry of the first type surface integral [45] , one has By incorporating (A-19) into (A-16), the following equations can be deduced
(A-20)
